Okounkov bodies and the K\"ahler geometry of projective manifolds by Nyström, David Witt
ar
X
iv
:1
51
0.
00
51
0v
3 
 [m
ath
.A
G]
  2
2 D
ec
 20
15
OKOUNKOV BODIES AND THE K ¨AHLER GEOMETRY OF PROJECTIVE
MANIFOLDS
DAVID WITT NYSTR ¨OM
ABSTRACT. Given a projective manifold X equipped with an ample line bundle L, we
show how to embed certain torus-invariant domains D ⊆ Cn into X so that the Euclidean
Ka¨hler form on D extends to a Ka¨hler form on X lying in the first Chern class of L. This is
done using Okounkov bodies ∆(L), and the image of D under the standard moment map
will approximate ∆(L). This means that the volume of D can be made to approximate the
Ka¨hler volume of X arbitrarily well. As a special case we can let D be an ellipsoid. We
also have similar results when L is just big.
1. INTRODUCTION
In toric geometry there is a beautiful correspondence between Delzant polytopes ∆
and toric manifolds X∆ equipped with an ample torus-invariant line bundles L∆. This
is important since many properties of L∆ can be read directly from the polytope ∆. Ok-
ounkov found in [Oko96, Oko03] a generalization of sorts, namely a way to associate a
convex body ∆(L) to an ample line bundle L on a projective manifold X , depending on
the choice of a flag of smooth irreducible subvarieties in X . In the toric case, if one uses a
torus-invariant flag, one essentially gets back the polytope ∆. The convex bodies ∆(L) are
now called Okounkov bodies. They were popularized by the work of Kaveh-Khovanskii
[KK12a, KK12b] and Lazarsfeld-Mustat¸a˘ [LM09], where it was shown that the construc-
tion works in far greater generality, e.g. big line bundles (for more references see the
exposition [Bou14]).
Recall that the volume of a line bundle measures the asymptotic growth of h0(X, kL) :=
dimCH
0(X, kL):
vol(L) := lim sup
k→∞
n!
kn
h0(X, kL).
L is then said to be big if vol(L) > 0. When L is ample or nef, asymptotic Riemann-Roch
together with Kodaira vanishing shows that vol(L) = (Ln). This is not true in general,
since (Ln) can be negative while the volume always is nonnegative.
The key fact about Okounkov bodies is that they capture this volume:
vol(L) = n!vol(∆(L)). (1)
Here the volume of the Okounkov body is calculated using the Lebesgue measure. This
means that results from convex analysis, e.g. the Brunn-Minkowski inequality, can be
applied to study the volume of line bundles.
In the toric setting, a fruitful way of thinking of ∆ is as the image of a moment map.
There is a holomorphic (C∗)n-action on X∆ which lifts to L∆ and choosing an (S1)n-
invariant Ka¨hler form ω∆ ∈ c1(L∆) gives rise to a symplectic moment map µω∆ whose
image can be identified with ∆.
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Building on joint work with Harada [HK15], Kaveh shows in the recent work [Kav15]
how Okounkov body data can be used to gain insight into the symplectic geometry of
(X,ω), where ω is some Ka¨hler form in c1(L) (it does not matter which Ka¨hler form ω ∈
c1(L) one uses since by Moser’s trick all such Ka¨hler manifolds are symplectomorphic).
In short, Kaveh constructs symplectic embeddings fk : ((C∗)n, ηk) →֒ (X,ω) where
ηk are (S
1)n-invariant Ka¨hler forms that depend on data related to a certain nonstandard
Okounkov body ∆(L) (i.e. the order on Nn used is not the lexicographic one). As k tends
to infinity the image of the corresponding moment map will fill up more and more of ∆(L),
showing that the symplectic volume of ((C∗)n, ηk) approaches that of (X,ω). Just as in
[HK15] the construction uses the gradient-Hamiltonian flow introduced by Ruan [Rua01],
and is thus fundamentally symplectic in nature.
1.1. Main results. We first introduce the following notion:
Definition 1.1. We say that a Ka¨hler manifold (Y, η) fits into (X,L) if for every relatively
compact open set U ⊆ Y there is a holomorphic embedding f of U into X so that f∗η
extends to some Ka¨hler form ω on X lying in c1(L). If dimC Y = dimCX = n and∫
Y
ηn =
∫
X
c1(L)
n
we say that (Y, η) fits perfectly into (X,L).
The special case of (Cn, η) (η being some nonstandardS1-invariant Ka¨hler form) fitting
into (X,L) was considered in [WN15].
Let
µ(z) := (|z1|2, ..., |zn|2),
which we note is a moment map of (Cn, ωst) with respect to the standard torus-action
(here ωst := ddc|z|2 denotes the standard Euclidean Ka¨hler form on Cn).
Pick a complete flag X• := X = X0 ⊃ X1 ⊃ Xn−1 ⊃ Xn = {p} of smooth
irreducible subvarieties. One can then define the associated Okounkov body ∆(L). We
introduce the notion of the Okounkov domain D(L) ⊆ Cn which is a torus-invariant
domain with the property that
∆(L)◦ ⊆ µ(D(L)) ⊆ ∆(L),
(in general both inclusions are strict). We note that by (1)∫
D(L)
ωnst =
∫
X
c1(L)
n. (2)
Theorem A. We have that (D(L), ωst) fits perfectly into (X,L). We can furthermore
choose each embedding f : U → X (U ⊂ D(L)) so that
f−1(Xi) = {z1 = ... = zi = 0} ∩ U.
So on (f(U), f∗ωst) ⊆ (X,ω) there is a torus-action with moment map µ ◦ f−1 whose
image approximates ∆(L) and we can choose U so that∫
f(U)
ωn ≈
∫
X
ωn.
These results are still true even when using some nonstandard additive order on Nn to
define the Okounkov body ∆(L). In particular when using the deglex order, which gives
rise to the infinitesimal Okounkov bodies that appear in [LM09] and in the recent work of
Ku¨ronya-Lozovanu [KL15a, KL15b].
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When L is very ample there is a particular choice of flag X• which makes D(L) an
ellipsiod, namely the ellipsiod E(1, ..., 1, (Ln)) defined by the inequality
n−1∑
i=1
|zi|2 + (Ln)−1|zn|2 < 1.
This leads to the following theorem.
Theorem B. If L is very ample then we have that (E(1, ..., 1, (Ln)), 0, ωst) fits perfectly
into (X,L), and the associated embeddings can be chosen to be centered at any point
p ∈ X .
There is an interesting connection between this result and the notion of Seshadri con-
stants.
Recall the definition of the Seshadri constant ǫ(X,L, p), introduced by Demailly [Dem92].
Definition 1.2. The Seshadri constant of an ample line bundle L at a point p is given by
ǫ(X,L, p) := inf
C
L · C
multpC
,
where the infimum is taken over all curves C in X.
One can show that the Seshadri constant ǫ(X,L, p) also measures the maximal size of
embedded balls centered at p such that the restricted Ka¨hler structure is standard.
Theorem 1.3. We have that ǫ(X,L, p) is equal to the supremum of r such that (Br, 0, ωst)
fits into (X,L) with the embeddings centered at p.
This result can be extracted from Lazarsfeld [Laz04] (see Theorem 5.1.22 and Proposi-
tion 5.3.17); the main argument is due to McDuff-Polterovic [MP94].
From Theorem 1.3 follows the inequality
ǫ(X,L, p) ≤ (Ln) 1n .
When this inequality is strict for (X,L, p) (which is the general case) it means that no ball
(Br, 0, ωst) can fit perfectly into (X,ωL) centered at p. Nevertheless Theorem B says that
one always can find an ellipsoid which fits perfectly into (X,ωL) centered at p.
Let ∆(L) be an infinitesimal Okounkov body at p and D(L) the corresponding Ok-
ounkov domain. One can easily show that
ǫ(X,L, p) = sup{r : Br ⊆ D(L)}
so thus Theorem A can be thought of as strengthening of Theorem 1.3.
The proof of Theorem A relies on finding suitable toric degenerations. Here we follow
[And13], but as in [Ito13] and [Kav15] we do not degenerate the whole section ring R(L)
but rather H0(X, kL) for fixed k. We couple the degeneration with a max construction
to find a suitable positive hermitian metric of L, whose curvature form will provide the
appropriate Ka¨hler form ω in the theorem. We recently used this technique to construct
Ka¨hler embeddings related to canonical growth conditions [WN15, Thm. C].
1.2. The big case. We have similar results when L is just big. Then there are no longer
any Ka¨hler forms in c1(L) so instead we use Ka¨hler currents in c1(L) with analytic singu-
larities.
4 DAVID WITT NYSTR ¨OM
Definition 1.4. If L is big we say that a Ka¨hler manifold (Y, η) fits into (X,L) if for every
relatively compact open set U ⊆ Y there is a holomorphic embedding f of U into X such
that f∗η extends to a Ka¨hler current with analytic singularities on X lying in c1(L). If
dimC Y = dimCX = n and ∫
Y
ηn =
∫
X
c1(L)
n
we say that (Y, η) fits perfectly into (X,L)
Theorem C. We have that (D(L), ωst) fits perfectly into (X,L). We can furthermore
choose each embedding f : U → X (U ⊂ D(L)) so that
f−1(Xi) = {z1 = ... = zi = 0} ∩ U.
1.3. Related work. The work of Kaveh [Kav15] which inspired this paper has already
been mentioned. This built on joint work with Harada [HK15], which in turn used the
work of Anderson [And13] on toric degenerations.
Anderson showed in [And13] how, given some assumptions, the data generating the
Okounkov body also gives rise to a degeneration of (X,L) into a possibly singular toric
variety (X∆, L∆), where ∆ = ∆(L) (the assumptions force ∆(L) to be a polytope, which
is not the case in general). In their important work [HK15] Harada-Kaveh used this to,
under the same assumptions, to construct a completely integrable system {Hi} on (X,ω),
with ω a Ka¨hler form in c1(L), such that ∆(L) precisely is the image of the moment map
µ := (H1, ..., Hn). More precisely, they find an open dense subset U and a Hamilton-
ian (S1)n-action on (U, ω) such that the corresponding moment map µ := (H1, ..., Hn)
extends continuosly to the whole of X . Their construction uses the gradient-Hamiltonian
flow introduced by Ruan [Rua01].
In the recent work [WN15], given an ample line bundle L and a point p ∈ X , we show
how to construct an (S1)-invariant plurisubharmonic function φL,p on TpX , such that the
corresponding growth condition φL,p + O(1) is canonically defined. We then prove that
the growth condition provides a sufficient condition for certain Ka¨hler balls (B1, η) to be
embeddable into some (X,ω) with ω ∈ c1(L) and Ka¨hler [WN15, Thm. D].
The very general Seshadri constant ǫ(X,L; 1) is defined as the supremum of ǫ(X,L; p)
over X , which is the same as the Seshadri constant at a very general point. In [Ito13] Ito
proved that if ∆ is an integer polytope such that 1k∆ ⊂ ∆(L) then
ǫ(X,L; 1) ≥ 1
k
ǫ(X∆, L∆; 1).
He did this using the same kind of toric degeneration as was later used by Kaveh in [Kav15]
and that we use here. One can easily show that this also follows from our results. This
illustrates the difference between our results and those of Kaveh in [Kav15]. Since Kaveh’s
construction is symplectic that only implies the weaker symplectic version of Ito’s theorem,
namely the corresponding lower bound on the Gromov width [Kav15, Cor. 8.4].
1.4. Acknowledgements. We wish to thank Julius Ross for many fruitful discussions re-
lating to the topic of this paper. We also thank Kiumars Kaveh for sharing his very inter-
esting preprint [Kav15].
During the preparation of this paper the author has received funding from the Peo-
ple Programme (Marie Curie Actions) of the European Union’s Seventh Framework Pro-
gramme (FP7/2007-2013) under REA grant agreement no 329070.
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2. OKOUNKOV BODIES AND DOMAINS
Let L be a big line bundle on a projective manifold X . Choose a complete flag X =
X0 ⊃ X1 ⊃ Xn−1 ⊃ Xn = {p} of smooth irreducible subvarieties of X , codimXi = i.
We can then choose local holomorphic coordinates zi centered at p such that in some
neighbourhoodU of p,
Xi ∩ U = {z1 = ... = zi = 0} ∩ U.
Also pick a local trivialization of L near p. Locally near p we can then write any section
s ∈ H0(X, kL) as a Taylor series
s =
∑
α
aαz
α.
When s is nonzero we let
v(s) := min{α : aα 6= 0},
where the mininum is taken with respect to the lexicographic order (or some other additive
order of choice). The Okounkov body ∆(L) of L (for ease of notation the dependence of
the flag is usually not written out) is then defined as
∆(L) := Conv
({
v(s)
k
: s ∈ H0(X, kL) \ {0}, k ≥ 1
})
.
Here Conv means the closed convex hull.
Remark 2.1. Another natural choice of order on Nn to use is the deglex order. This
means that α < β if |α| < |β| (|α| := ∑i αi) or else if |α| = |β| and α is less than
β lexicographically. If one uses this order to define the Okounkov body, this will only
depend on the flag of subspaces of TpX given by TpXi, and it will be equivalent to the
infinitesimal Okounkov body considered in [LM09] and in the recent work of Ku¨ronya-
Lozovanu [KL15a, KL15b] (see [WN15]).
Let us define
A(kL) := {v(s) : s ∈ H0(X, kL) \ {0}}.
By elimination we can find sections sα ∈ H0(X, kL), α ∈ A(kL), such that
sα = z
α +
∑
β>α,β/∈A(kL)
aβz
β.
If
s =
∑
α∈A(kL)
aαz
α +
∑
β/∈A(kL)
aβz
β
then we must have that
s =
∑
α∈A(kL)
aαsα,
because otherwise we would have that v(s −∑ aαsα) /∈ A(kL). It follows that sα is a
basis for H0(X, kL) so
|A(kL)| = h0(X, kL), (3)
where |A(kL)| denotes the number of points in A(kL).
If s = zα1 +
∑
β>α1
aβz
β and t = zα2 +
∑
β>α2
bβz
β then
st = zα1+α2 +
∑
β>α1+α2
cβz
β
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and hence v(st) = v(s) + v(t). This implies that for k,m ∈ N :
A(kL) +A(mL) ⊆ A((k +m)L) (4)
and thus
Γ(L) :=
⋃
k≥1
A(kL)× {k} ⊆ Nn+1
is a semigroup.
Combined with a result by Khovanskii [Kho93, Prop. 2] it leads to the proof of the key
result (see e.g. [KK12a, KK12b] or [LM09]).
Theorem 2.2. We have that
vol(L) = n!vol(∆(L)),
where the volume of ∆(L) is calculated using the Lebesgue measure.
From this we see that when X has dimension one, ∆(L) is an interval of lenght deg(L).
When L is ample one gets that 0 ∈ ∆(L) and thus
∆(L) = [0, deg(L)]. (5)
Let
∆k(L) :=
1
k
Conv(A(kL)).
From (4) we see that for k,m ∈ N :
∆k(L) ⊆ ∆km(L). (6)
The following lemma is also an immediate consequence of the result of Khovanskii (see
e.g. [WN14, Lem. 2.3]).
Lemma 2.3. Let K be a compact subset of ∆(L)◦. Then for k > 0 divible enough we
have that
K ⊂ ∆k(L).
From this it follows that
∆(L)◦ =
⋃
k≥1
∆k(L)
◦.
Let ∆k(L)ess denote the interior of ∆k(L) as a subset of Rn≥0 with its induced topology.
Definition 2.4. We define the essential Okounkov body ∆(L)ess as
∆(L)ess :=
⋃
k≥1
∆k(L)
ess.
By (6) we get that for any k,m ∈ N,∆k(L)ess ⊆ ∆km(L)ess and thus
∆(L)ess =
⋃
k≥1
∆k!(L)
ess.
We also see that ∆k!(L)ess is increasing in k which then implies that ∆(L)ess is an open
convex subset of Rn≥0.
Lemma 2.5. Let K be a compact subset of ∆(L)ess. Then for k > 0 divible enough we
have that
K ⊂ ∆k(L)ess.
OKOUNKOV BODIES AND THE K ¨AHLER GEOMETRY OF PROJECTIVE MANIFOLDS 7
This is proved in the same way as Lemma 2.3.
It is easy to see that
∆(L) ∩ {x1 = 0} ⊆ ∆(L|X1),
where ∆(L|X1) is defined using the induced flag X1 ⊃ X2 ⊃ ... ⊃ Xn. When L is ample
one can use Ohsawa-Takegoshi to prove that we have an equality
∆(L) ∩ {x1 = 0} = ∆(L|Y1), (7)
(see e.g. [WN14]).
LetL1 denote the holomorphic line bundle associated with the divisorX1. An important
fact, proved by Lazarsfeld-Mustat¸a˘ in [LM09] is that
∆(L) ∩ {x1 ≥ r} = ∆(L− rL1) + re1. (8)
For a ∈ Rn we let Σa denote the convex hull of {0, a1e1, a2e2, ..., anen} and Σessa the
interior of Σa as a subset of Rn≥0.
Proposition 2.6. If L is very ample then there is a flag X = X0 ⊃ X1 ⊃ ... ⊃ Xn = {p}
of smooth irreducible subvarieties of X such that
∆(L) = Σ(1,...,1,(Ln))
and
∆(L)ess = Σess(1,...,1,(Ln)).
Proof. Since L is very ample we can find a flag X = X0 ⊃ X1 ⊃ ... ⊃ Yn = {p}
of smooth irreducible subvarieties of X such that for each i ∈ {1, ..., n} the line bundle
L|Xi−1 is associated with the divisor Xi in Xi−1.
From repeated use of (7) and (8) we get that
∆(L)∩{x1 = r1, ..., xn−1 = rn−1} = ∆((1−
∑
i
ri)L|Xn−1) = [0, ((1−
∑
i
ri))(L
n)],
using (5) and the fact that deg(LXn−1) = (Ln). In other words
∆(L) = Σ(1,...,1,(Ln)).
Since
∆(L|Yn−1)
ess = [0, (Ln))
we similarly get that
∆(L)ess = Σess(1,...,1,(Ln)).

Recall that
µ(z) := (|z1|2, ..., |zn|2).
Definition 2.7. We define the Okounkov domain D(L) to be
D(L) := µ−1(∆(L)ess).
We note that D(L) is a bounded domain in Cn. We also note that when ∆(L)ess =
Σess(1,...,1,(Ln)) we get that D(L) = E(1, ..., 1, (L
n)), i.e. the ellipsoid defined by the in-
equality
n−1∑
i=1
|zi|2 + (Ln)−1|zn|2 < 1.
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3. TORUS-INVARIANT KA¨HLER FORMS AND MOMENT MAPS
Let (M,ω) be a symplectic manifold. Assume that there is an S1-action on M which
preserves ω and let V be the generating vector field. We must have that LV ω = 0. By
Cartan’s formula we have that
d(ω(V, ·)) = LV ω − dω(V, ·) = 0,
so the one-form ω(V, ·) is closed. A function H is called a Hamiltonian for the S1-action
if
dH = ω(V, ·).
If H is a Hamiltonian then clearly so is H+c for any constant c. If M has an (S1)n-action
which preserves ω, and each individual S1-action has a Hamiltonian Hi, we call the map
µ := (H1, ..., Hn) a moment map for the (S1)n-action. There is a more invariant way of
defining the moment map so that it takes values in the dual of the Lie algebra of the acting
group, but we will not go into that here.
Let A ⊆ Nn be a finite set and assume that Conv(A)ess is nonempty. Let
DA := µ−1(Conv(A)ess) = µ−1(Conv(A))◦
and let XA denote the manifold we get by removing from Cn all the submanifolds of the
form {zi1 = ... = zik = 0} which do not intersect DA. Then
φA := ln
(∑
α∈A
|zα|2
)
is a smooth strictly psh function on XA and we denote by ωA := ddcφA the corresponding
Ka¨hler form.
Note that we can write
φA(z) = uA(x) := ln
(∑
α∈A
ex·α
)
,
where xi := ln |zi|2 and uA is a convex function on Rn.
Let us think of (XA, ωA) as a symplectic manifold. The symplectic form ωA is clearly
invariant under the standard (S1)n-action on XA and it is a classical fact that µA : z 7→
∇u(x) is a moment map for this action. To see this we define uA(w) := uA(Rew) for
w ∈ XA and note that uA is the pullback of φA by the holomorphic map f : w → ew/2.
We then have that f∗ωα = ddcuα. The pullback of the vector field generating the i:th
S1-action is (2π)∂/∂xi, so to show that ∂/∂xiuα is a Hamiltonian we need to establish
that
d
∂
∂xi
uA = ddcuA((2π)∂/∂xi, ·).
This is easily checked using that
ddcuA =
1
2πi
∑
i,j
∂2u
∂xi∂xj
dwi ∧ dw¯j .
Clearly
µA(C∗)n = Conv(A)◦
while
µA(XA) = Conv(A)ess.
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Another classical fact is that for any open (S1)n-invariant set U ⊆ XA we have that∫
U
ωnA = vol(µA(U)).
To see this, write f−1(U) = V × (iR)n and thus∫
U
ωnA =
∫
V×(i[0,2pi])n
(ddcuA)n =
∫
V
det(Hess(u)) =
∫
∇u(V )
dx,
where Hess(u) denotes the Hessian of u, and in the last step we used that this is equal to
the Jacobian of ∇u.
Lemma 3.1. Let U be a relatively compact open subset of DA. Then there exists a smooth
function g : XA → R with compact support such that ω := ωA + ddcg is Ka¨hler and on
U we have that ω = ωst.
Proof. Using Legendre transforms one can find a smooth (S1)n-invariant strictly psh func-
tion φ on XA which is equal to |z|2 on U and such that the image of the gradient of
u(x) := φ(ex1/2, ..., exn/2) is compactly supported in Conv(A)ess . One sees then that
φA−φ is proper onXA. LetC be a constant such that φ+C > φA onD. Pick some δ > 0
and let maxreg(x, y) be a smooth convex function such that maxreg(x, y) = max(x, y)
whenever |x−y| > δ. Then φ′ := maxreg(φ+C+δ, φA) is a smooth strictly psh function
on XA which is equal to φ+C+δ on U while being equal to φA outside of some compact
set. It follows that g := φ′ − φA has the desired properties. 
4. KA¨HLER EMBEDDINGS OF DOMAINS
In the introduction we had the following definition.
Definition 4.1. We say that a Ka¨hler manifold (Y, η) fits into (X,L) if for every relatively
compact open set U ⋐ Y there is a holomorphic embedding f of U into X such that f∗η
extends to a Ka¨hler form on X lying in c1(L). If in addition∫
Y
ηn =
∫
X
c1(L)
n
then we say that (Y, η) fits perfectly into (X,L).
Recall that A(kL) := {v(s) : s ∈ H0(X, kL)}.
Theorem 4.2. Assume that L ample. Then for k large enough, (XA(kL), ωA(kL)) fits into
(X, kL), and each associated Ka¨hler embedding f : U → X can be chosen so that
f−1(Xi) = {z1 = ... = zi = 0} ∩ U.
Before proving Theorem 4.2 we need a simple lemma.
Lemma 4.3. For any finite setA ⊆ Nn there exists a γ ∈ (N>0)n such that for all α ∈ A:
α < β ∈ Nn =⇒ α · γ < β · γ. (9)
This is a standard fact which is true for any additive order, see e.g. [And13, Lem. 8]. It
plays a key role in constructing toric degenerations.
Proof. Pick a number C ∈ N such that C > |α| for all α ∈ A. We claim that
γ :=
∑
i
(2C)n−iei
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has the desired property (9). Assume that α < β. By definition there is an index j such
that αi = βi for i < j while βj > αj . It follows that
(β − α) · γ =
∑
i
(2C)n−i(βi − αi) = (2C)n−j(βj − αj) +
∑
i>j
(2C)n−i(βi − αi) ≥
≥ (2C)n−j − |α|
∑
i>j
(2C)n−i ≥ Cn−j > 0.

We can now prove Theorem 4.2. As in [Kav15] the proof relies on a toric deforma-
tion, given by a suitable choice of γ. However, instead of coupling it with a gradiant-
Hamiltonian flow, we finish the proof using a max construction. This is similar to the
proof of Theorem D in [WN15].
Proof. Recall that we have local holomorphic coordinates zi centered at p. We assume that
the unit ball B1 ⊂ Cn lies in the image of the coordinate chart z : V → Cn.
Let k be large enough so that Conv(A(kL)) has nonempty interior and let U be a
relatively compact open set in XA(kL).
Pick a basis sα for H0(X, kL) indexed by A(kL) such that locally
sα = z
α +
∑
β>α
aβz
β.
Pick a γ as in Lemma 4.3 with A := A(kL) and let τγz := (τγ1z1, ..., τγnzn). It follows
that
sα(τ
γz) = τα·γ(zα + o(|τ |)) (10)
for τγz ∈ B1.
Let f : XA(kL) → [0, 1] be a smooth function such that f ≡ 0 on U and f ≡ 1 on the
complement of some smoothly bounded compact set K ⊆ XA(kL). Pick 0 < δ ≪ 1 such
that
φ := φA(kL) − 4δf
is still strictly psh. It follows from (10) that we can pick 0 < τ ≪ 1 such that τγz ∈ B1
whenever z ∈ K and so that
φ > ln

 ∑
α∈A(kL)
∣∣∣∣sα(τγz)τα·γ
∣∣∣∣
2

− δ
on U while
φ < ln

 ∑
α∈A(kL)
∣∣∣∣sα(τγz)τα·γ
∣∣∣∣
2

− 3δ
near ∂K .
Let maxreg(x, y) be a smooth convex function such that maxreg(x, y) = max(x, y)
whenever |x− y| > δ. Then the regularized maximum
φ′ := max
reg

φ, ln

 ∑
α∈A(kL)
|sα(τ
γz)
τα·γ
|2

− 2δ


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is smooth and strictly plurisubharmonic on XA(kL), identically equal to φ on U while
identically equal to ln(
∑
α∈A(kL) | sα(τ
γz)
τα·γ |2)− 2δ near the boundary of K . We get that
ω := ddcφ′
is equal to ωA(kL) on U .
If we assume that k is large enough so that kL is very ample then ln(
∑
α∈A(kL) | sα(τ
γz)
τα·γ |2)
extends as a positive metric of kL and thus ω extends to a Ka¨hler form in c1(kL).
Since U was arbitrary this shows that (XA(kL), ωA(kL)) fits into (X, kL). We also note
that the embedding f of U into X was given by z 7→ τγz, and thus we have that
f−1R (Xi) = {z1 = ... = zi = 0} ∩ U.

We can now combine this result with Lemma 3.1 to obtain Theorem A.
Theorem A. We have that (D(L), ωst) fits perfectly into (X,L) and each associated
Ka¨hler embedding f : U → X can be chosen so that
f−1(Xi) = {z1 = ... = zi = 0} ∩ U.
Proof. If U is a relatively compact open set in D(L) then by Lemma 2.5 for k > 0 di-
visible enough the closure of U is contained in µ−1(∆k(L)ess), or in other words,
√
kU
is relatively compact in DA(kL), which is in turn relatively comapact in XA(kL). Thus by
Lemma 3.1 there exists a smooth function g : XA(kL) → R with support on a relatively
compact set U ′ such that ω := ωA(kL)+ddcg is Ka¨hler and on
√
kU we have that ω = ωst.
By Theorem 4.2, if k is large enough, (XA(kL), ωA(kL)) fits into (X, kL). Thus we can
find a holomorphic embedding f ′ : U ′ → X such that f ′∗ωA(kL) extends to a Ka¨hler
form ω ∈ c1(kL). Then letting f : U → X be defined as f(z) := f ′(
√
kz) we get that
f∗ωst = 1kf
′
∗ωst|√kU extends to a Ka¨hler form ω ∈ c1(L).
That ∫
D(L)
ωnst =
∫
X
c1(L)
n
followed from Theorem 2.2 and it is clear that the f : U → X we found had the property
that
f−1(Xi) = {z1 = ... = zi = 0} ∩ U.

Theorem B. If L is very ample then we have that (E(1, ..., 1, (Ln)), 0, ωst) fits perfectly
into (X,L), and the associated embeddings can be chosen to be centered at any point
p ∈ X .
Proof. This follows directly from combining Theorem A with Proposition 2.6 
5. BIG LINE BUNDLES
If L is big but not ample there are no Ka¨hler forms in c1(L). Instead one can consider
Ka¨hler currents with analytic singularities that lies in c1(L). We can use these to define
what it should mean for a Ka¨hler manifold (Y, η) to fit into (X,L) when L is just big.
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Definition 5.1. If L is big we say that a Ka¨hler manifold (Y, η) fits into (X,L) if for every
relatively compact open set U ⊆ Y there is a holomorphic embedding f of U into X such
that f∗η extends to a Ka¨hler current with analytic singularities on X lying in c1(L). If
dimC Y = dimCX = n and ∫
Y
ηn =
∫
X
c1(L)
n
we say that (Y, η) fits perfectly into (X,L)
Theorem C. We have that (D(L), ωst) fits perfectly into (X,L). We can furthermore
choose each embedding f : U → X (U ⊂ D(L)) so that
f−1(Xi) = {z1 = ... = zi = 0} ∩ U.
If L is big and k is large enough, then if sm is a basis for H0(kL) we get that
ddc ln(
∑
m |sm|2) is a Ka¨hler current with analytical singularities which lies in c1(kL).
Thus one proves Theorem C exactly as in the ample case.
REFERENCES
[And13] D. Anderson Okounkov bodies and toric degenerations Math. Ann. 356 (2013), no. 3, 1183–1202.
[Bou14] S. Boucksom Corps d’Okounkov (d’apre`s Okounkov, Lazarsfeld-Mustat¸a˘ et Kaveh-Khovanskii)
Aste´risque No. 361 (2014), Exp. No. 1059, vii, 1–41.
[Dem92] J.-P. Demailly Singular Hermitian metrics on positive line bundles Complex algebraic varieties
(Bayreuth, 1990), 87-104, Lecture Notes in Math., 1507, Springer, Berlin, 1992.
[HK15] M. Harada and K. Kaveh Integrable systems, toric degenerations and Okounkov bodies Invent. Math.
(2015), DOI 10.1007/s00222-014-0574-4.
[Ito13] A. Ito Okounkov bodies and Seshadri constants Adv. Math. 241 (2013), 246–262.
[Kav15] K. Kaveh Toric degenerations and symplectic geometry of smooth projective varieties preprint (2015),
arXiv:1508.00316.
[KK12a] K. Kaveh and A. Khovanskii Newton-Okounkov bodies, semigroups of integral points, graded algebras
and intersection theory Ann. of Math. (2) 176 (2012), no. 2, 925–978.
[KK12b] K. Kaveh and A. Khovanskii Algebraic equations and convex bodies Perspectives in analysis, geometry,
and topology, 263-282, Progr. Math., 296, Birkha¨user/Springer, New York, 2012.
[Kho93] A Khovanskii Newton polyhedron, Hilbert polynomial and sums of finite sets Funct. Anal. Appl. no. 26
(1993), 331-348.
[KL15a] A. Ku¨ronya and V. Lozovanu Positivity of line bundles and Newton-Okounkov bodies, preprint (2015),
arXiv:1506.06525.
[KL15b] A. Ku¨ronya and V. Lozovanu Infinitesimal Newton-Okounkov bodies and jet separation, preprint
(2015), arXiv:1507.04339.
[Laz04] R. Lazarsfeld Positivity in Algebraic Geometry, I & II Ergebnisse der Mathematik und ihrer Grenzgebi-
ete, Vols. 48 & 49, Springer Verlag, Berlin, 2004.
[LM09] R. Lazarsfeld and M. Mustat¸a˘. Convex bodies associated to linear series Ann. Sci. ´Ec. Norm. Supe´r. (4)
42 (2009), no. 5, 783–835.
[MP94] D McDuff and L Polterovich Symplectic packings and algebraic geometry Invent. Math. 115 (1994), no.
3, 405–434.
[Nak02] M. Nakamaye Base loci of linear series are numerically determined Trans. Amer. Math. Soc. 355
(2002), 551–566.
[Oko96] A. Okounkov Brunn-Minkowski inequality for multiplicities Invent. Math. 125 (1996), 405–411.
[Oko03] A. Okounkov Why would multiplicities be log-concave? in The orbit method in geometry and physics
Progr. Math. 213, 2003, 329–347.
[Rua01] W.-D. Ruan Lagrangian torus fibration of quintic hypersurfaces. I. Fermat quintic case Winter School
on Mirror Symmetry. Vector Bundles and Lagrangian Submanifolds (Cambridge, MA, 1999). AMS/IP Stud-
ies in Advanced Mathematics, vol 23, pp. 297–332. American Mathematical Society, Providence (2001)
[WN14] D. Witt Nystro¨m Transforming metrics on a line bundle to the Okounkov body Ann. Sci. ´Ec. Norm.
Supe´r. (4) 47 (2014), no. 6, 1111–1161.
[WN15] D. Witt Nystro¨m Canonical growth conditions associated to ample line bundles, preprint (2015),
arXiv:1509.05528.
OKOUNKOV BODIES AND THE K ¨AHLER GEOMETRY OF PROJECTIVE MANIFOLDS 13
DAVID WITT NYSTRO¨M, DEPARTMENT OF MATHEMATICS, CHALMERS UNIVERSITY
OF TECHNOLOGY, SWEDEN
WITTNYST@CHALMERS.SE, DANSPOLITIK@GMAIL.COM
